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Effect of eigenmodes on the optical transmission through one-dimensional random media
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Using the transfer matrix method as well as numerical solutions to the one-dimensional wave equation
derived from the Maxwell equations, we study the transition from a photonic crystal with a finite size to a
random dielectric medium. We examine the validity of the Kronig-Penney model for a finite size crystal and
analyze the spatial structure of the eigenmodes as the crystal is made more irregular.
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[. INTRODUCTION total transmission coefficient is associated with a change in

The propagation of electromagnetic radiation throughfh€se modes. In a recent wdrK, we have demonstrated that
highly scattering media can be described with three differenthe transmission coefficient can be obtained directly from the
degrees of accuracy. The least accurate approach uses fpigenvalues of the stationary wave equation solved under an
diffusion equation for which the optical properties of the appropriate absorbing boundary condition. In this work our
medium are modeled by a single macroscopic parameter, tfecus will be on the spatial properties of the eigenvectors.
reduced scattering coefficient. More accurate is the descrip- This article is organized as follows. In Sec. Il we describe
tion by the Boltzmann equation, in which the scatteringour model system, the transfer matrix theory, and the numeri-
phase function as well as the scattering coefficient model theal method with which we determine its spectrum and its
medium. The Boltzmann and diffusion equations have beegigenmodes. We also have a brief discussion on the physical
successfully applied in wide areas ranging from meteorologyneaning of these eigenmodes. In Sec. Ill we show how the
to bio-optical imaging. Both approaches approximate the ratransmission coefficient for a photonic crystal of a finite size
diation by its intensity and cannot describe any coherent phes related to the spatial structure of the corresponding eigen-
nomena that are based on the wave nature of the electromagrodes. We generalize the Kronig-Penney model, which has
netic field. These two approaches give sufficiently accuratdeen used to model the electronic structure for a periodic
results for random media but are inappropriate for morepotential, to the transport of electromagnetic radiation. We
regular structures such as are found in crystals. compare its prediction with our numerical results for the fi-

The most accurate description of the radiation in regulanite photonic crystal. In Sec. IV we introduce random fluc-
structures is the microscopic approach provided by the Maxtuations in various parameters of the dielectric medium and
well equations. It requires precise knowledge about the locaanalyze their impact on the spectrum as well as on the eigen-
tions and optical properties of individual scatterers that conmodes. We close our discussion with an outlook on future
stitute the medium. However, due to the complexity of thiswork.
theoretical description, analytical solutions can be found
only for systems that either consist of a very small number of
scatterers or have simplifying geometries leading to reduced Il. THE MODEL SYSTEM AND ITS NUMERICAL
dimensional descriptions. SOLUTION

A lot of progress has been made on two separate fronts.
The study of the band gap structures in photonic cry$fdls
has led to remarkable potential applications for light The model medium whose optical properties we will ex-
switches and new optical filters. At the same time, the workamine consists of a series &flossless dielectric slabs ar-
on the quasicoherent properties of random media has réanged along the axis. Each slab occupies an interya]
sulted in the discoveries of light localizatif@] and of lasing ~ —d;/2,z+d;/2] centered ag and has an index of refraction
based on random medf8]. To the best of our knowledge, Nn; (j=1,2,... 5. The set of $ numbers{z,d;,n;} thus
however, the precise nature of the transition from regular t@ompletely characterizes the medium. We neglect the homo-
random structures has not been thoroughly investigated. geneous dispersion arising from a frequency-dependent in-

In this work we will investigate this transition using the dex of refraction. However, due to the spatial dependence of
solutions of the Maxwell equations for a simple one-the index of refraction from layer to layer, the net transmis-
dimensional scattering system: a sequence of parallel dielesion strongly depends on the wavelength of the electromag-
tric slabs. The numerical solutions of these equations willhetic field.
permit us to explore the transition from a regular crystal, We assume that the incoming field travels perpendicular
characterized by an equidistant arrangement of identicab the slabs. This allows us to analyze the scattering of the
slabs, to a random system for which the index of refractionfield strictly in one dimension as the scattering is in either the
the spacing between the slabs, or the thickness of the slabsfizrward or the backward direction and both the electric and
made random. We will examine the spatial structures of thenagnetic field vectors are parallel to the slab-vacuum inter-
corresponding eigenmodes and show that the change of thiaces. In general, the electric field is a superposition of plane

A. The model system and the transfer matrix theory
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waves polarized along the direction, E=e,E exdi(tkz  sorbing boundary conditiong.e., E,(-L/2)=E,(L/2)=0],
-wt)], whereE is the complex amplitude ankE=27/\ de-  the eigenvalues» become also discrete. As we choose the
notes the wave number, while the magnetic field is a supemumerical parameter much larger than the size of the di-
position of plane waves polarized along theadirection,B  electric medium, the precise choice of the boundary condi-
=g B exfli(xkz- wt)]. tion is irrelevant for our discussion.

For this model medium, we can compute the transmission As the wave equation is of second order in time, the evo-
coefficient exactly using the transfer matrix approfghby  lution of any initial electric field pulsé=(z,t=0)=g(2) de-
matching both the electric and the magnetic fields at thepends also on its initial time derivativi/ dt|-o=gq(2). Us-
interfaces. For thejth slab occupying an intervalz ing the eigenmodes, we obtain the time evolution of the

—d;/2,z+d;/2] and with an index of refraction;, the trans-  electric field to be
fer matrix M(J) relates the magnetic f|eI(B(z) B,

+Bye 2 on the left-hand side of the slafi.e., for z<z F(zt) = >, | (E, |g)coq wt) + 1<Ew|gd>sin(wt) E.(2),
—d;/2) to the magnetic fieldB(z)=B e”‘Z+Bde"kZ on the ® w
nght hand side of the slab.e., forz=z+d;/2) by (2.4)
(B ) M(J)(B ) (M(ﬂ M&%)(Ba> 2.1 where the summatiofor integration extends over all posi-
By By VI VIYAN - ’ tive frequencies and the notatigr ) refers to the scalar
product under which the eigenmodes are perpendicular to
where each other(E,|E,)=4,,. We should note that in contrast
. n2+1 to stationary energy eigenstates of the Schrodinger equation,
M) =mY) e k{cos{njd k)+|—1—sm(ndk)} whose norm is constant in time for a time-independent
2n, Hamiltonian operator, in the Maxwell case the weights are
(2.29 time dependent and there can be periodic moments in time
when the factorg ] in front of E(2) in Eq. (2.4 become
and identical to zero. As each term in the sum in E2.4) rep-
_ _ n-1 . resents a standing wave, any propagating state must excite at
M =My =- i—JZn—e_z'zik sin(nidk).  (2.2b  least two different eigenmodes.

] In a practicaltime-dependentarrangement, the incoming
In between the slabs, the magnetic field amplitude does ndaser field would require some time for the steady state inside
change and the outgoing field amplituBgfor the slab az;  the dielectric medium to be established. During this time, the
is identical to the incoming field amplitudg, for the slab at  field energy density rises inside the dielectric medium as the
z,4. For the medium composed & slabs, we obtain the laser light enters the medium. If this time is shorter than the
total transfer matrix by multiplyinds transfer matricesM time it takes for the front edge of the laser light to reach the
=MMg ;---M3zM,M;. The total transmission coefficieit =~ numerical boundary a&=L/2 (or the reflected light to reach
for the entire medium can then be computed from the totak=-L/2), then the time evolution given by the expansion in
transfer matrixM via T=|detM [?/|M,,?=1/|M,,?, where the eigenmodes describes the correct time evolution of the
M;; are the matrix elements ofl. laser field. In other words, th@umerical discreteness of the

spectrum is irrelevant iE/c is chosen large enough.

B. Meaning of the eigenmodes ) ) ) .
) ) ) C. Numerical technique to obtain the eigenmodes
The eigenmodes for our medium are defined as those

statesE (z) andB,(z) that satisfy the stationary wave equa-
tion for the electric field

We now discuss how we can determine the spatial profile
of each eigenmode. We solve numerically the stationary
wave equation for the magnetic field given by E8.3b

c? o under absorbing boundary conditions. The magnetic field is
n(z)2 dzZE (2) = 0E,(2) (2.39 polarized along thg axis, while the electric field is polarized
along thex axis and related to the magnetic field through the
and that for the magnetic field Maxwell equations. We have discretized an interval
dl & d [-L/2,L/2] along thez axis into Q grid points Iocateq at
- d_z{@d_z} B,(2) = w’B,(2). (2.3p  z=(-Q/2-1/2+q)L/Q, where q=1,2,...Q. The dis-

cretized version of the wave equati¢2.3b takes the fol-
In our work we are interested in the steady state inside théowing form:

dielectric medium at a given laser frequensy In order to 1 1 1
solve the eigenvalue problems, we must specify a set of ——B(zge1) — [ 5+ Z]B(zq)
boundary conditions for the second-order differential equa- N(Zg+172) N(Zgr12)”  MM(Zg-172)

tions (2.39 and (2.3b). For example, for the single periodic 1 )

boundary conditiori.e., E,(-L/2)=E,(L/2)], the spectrum n( NZean? B(zg-1) =K (Q) B(zy)- (2.9

is in general nondegenerate. When we also require 1

dE,/ d4,-_,,=dE,/ dZ,- ,», it becomes discrete. For ab- Using standard numerical techniques, we diagonalize the
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sponds to a band gap region for the photonic crystal of an
infinite size, which will be discussed below. For 2.59k
<3.702, we have again an oscillatory region, and for 3.702
<k<4.182 we have the next transmissionless region. This
pattern repeats itself &sgrows. We should point out that the
overall structure ofT(k) does not depend too much on the
crystal sizeSif Sis larger than 5.

In order to relate the transmission coefficient to the dis-
crete wave number spectrum, we have calculated the mini-
mum spacing between adjacent eigenvalues defined as
=min(|kj—ki-1|,|kj—k+1)). As we mentioned above, for
vacuum, the wave numbers are equidistant in the spectrum
resulting in the constant density of eigenmodgék)=L/ .

We find that the region witf' =0 is characterized by pairs of

FIG. 1. The transmission coefficient for periodic arrays of 5 anddfeg(':‘nerate Wf”we number elgenvalugs wftho' I_n t_h'S re"_
51 dielectric slabs as a function of the wave numkerhe bars at 'glo'n all the_e'gen_mOdeS_ have practically vanishing weight
the bottom indicate the locations of the band gaps according to thi1Side the dielectric medium,S#2<z<S/2. Consequently,
Kronig-Penney model. Each slab has an index of refractjer8, a ~ th€se eigenmodes have their support mostly on both sides
width d,=0.3, and a position af;=j—(S-1)/2 (j=1,2,3,... 9. outside the medium, which leads to the degeneracy. This
finding is also consistent with the fact that for one-

tridiagonal matrix corresponding to this equation to computed'mens'on"le systems with reflection symmetrg)=n(-2),

its discrete eigenvaludg and eigenvectors the transmission coefficient is generally given @yk)
For the special case of vacuum, for whiotz)=1, the =sin2[l__A(k)/2],_ where A(k) denotes the spacing between

eigenvalues of Eq(2.5) can be obtained analytically ds two adjaqent elg_envaluéé]. I'_[ is also important to note that

=(Q/L)[2-2 codjm/ (Q+1)}]¥2. This expression is useful the density of eigenmodes is nearly constant forkallhe

when we estimate the error due to the finite difference for_exceptions are the eigenmodes very close to the edges of the

mula for the second derivative as well as due to the discreté"’msrmss'OnIeSS regions where the density of eigenmodes
t

k :23

sampling rate. Without discretization, the exact eigenvalue ecomes sllghtly higher. We will further comment on this in
e next section. We also observe that the eigenmodes that

for vacuum for the interval of lengtih are given byk; - S
=jm/L so that the density of eigenmodes defined as the afre closest to these edges have a large weight inside the

erage number of eigenvalues per unit wave number becom(—f*jée'eCtrIC medium.

p(K)=L/ . In Fig. 2, we display the spatial profiles of the eigenmodes
near the first band edge kt1.315 for the medium witls

Il. THE SIMPLE PHOTONIC CRYSTAL WITH A FINITE =51. For comparison we have also included the spatially

SIZE dependent index of refraction at the bottom. Due to the re-

flection symmetryn(z)=n(-z) for this regular array, the
eigenmodes are either degenerate or with definite parity. The
Before we examine the transition from a regular photonicbottom and the top eigenmodes are degenerate, whereas the
crystal to a random dielectric medium, let us first discuss theniddle eigenmode has even parity. A comparison with Fig. 1
optical properties of a photonic crystal of finite sif@. In  shows that the bottom eigenmode is associated With,
Fig. 1, we display the transmission coefficient as a functiorwhereas the top two eigenmodes have vanishing transmis-
of the wave numbek for two photonic crystals consisting of sion and nearly no weight inside the medium.
S=5 and 51 dielectric slabs with a width df=0.3 and an The bottom eigenmode witk=1.313 has a large fraction
index of refractionn;=3. We note that the alternating se- of its total weight inside the medium, whereas the eigen-
quence of oscillatory intervals and regions with almost nomodes fork=1.327 and 1.368 oscillate with an exponentially
transmission is characteristic for both systems and is rathetecaying amplitude inside the medium proportionaBta)
independent of the system sieThe larger the system size ~ exd—-(z+S/2)/D] in the region S/2<z<0 and similarly
Sis, the more oscillatory is the transmission coefficient.  for z>0. Near a band edge, the decay lenBths compa-
Let us take the case @=51 to summarize the main fea- raple in size to the length of the mediuBnbut as the wave
tures of the transmission spectrum. kt0 (i.e., the static number increases, the decay length shrinks. For a later com-
limit) the dielectric medium is invisible, or in other words, parison with the predictions by the Kronig-Penney model to

the wave with the correspondinge., infinite) wavelength e discussed in the next section, let us note that the numeri-
cannot resolve the presence of the medium. As the waveally determined values for the decay length ae

number grows, the transmission coefficient exhibits an oscil~ 4.7488 fork=1.327 andD =~ 2.3298 fork=1.368.
latory sequence of exactly maxima atT=1, whereSis the
number of the slabs. With increasikgthe minima between
the maxima descend until they reath0 atk=1.31.

In the next interval 1.315 k<<2.594, the medium is com- Let us now discuss a simple analytical model which can
pletely opaque, and this window of no transmission correpredict the locations of the transmissionless windows, where

A. The transmission spectrum and the eigenmodes

B. The Kronig-Penney model for an infinite crystal
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T(k)=0, as well as the exponential decay lengths for The
=0 eigenmodes. We generalize the Kronig-Penney miadel

for an electron subject to a one-dimensional periodic step
potential with the periodic boundary conditions to calculate
the dispersion relation for an electromagnetic wave propagat-
ing through an array of equally spaced dielectric slabs of the ]

fixed index of refraction. The stationary wave equation for

the magnetic field polarized along tlyeaxis was given by ]
Eq. (2.3b, where the index of refraction is periodic and
satisfiesn(z+j)=n(z), wherej is an integer. In each unit ]
interval[j,j+1], the indexn takes the following two values:
n(z=1(j<z<j+1-d) andn(z)=n (j+1-d<z=<j+1).

In the interval 0<z<1-d, wheren(z)=1, the magnetic _Illllllllllllllllllllllllllllllllllllllllllllllllml

field is given byB=A,e**+A_e7 2 while in the interval € BT T T e
<z<0, wheren(z)=n, the magnetic field is given by z

— inkz —inkz H H

=C,e*+C_e™™ We then look for an eigenmode with the FIG. 2. Spatial profiles of the eigenmodes close to the border

ansatzB(z+1)=€"9B(2). If q is real, then 'F is called the . between a band and a band gap for a finite size crystal. The wave
crystal momentum of a Bloch wave. Matching the magnetic, mpers for the eigenmodes ake 1.313 (bottom), 1.327, and
fields atz=0, we findA,+A_=C,+C_. Matching the electric 1 368 (top). The bottom and top eigenmodes are degenerate; the
fields or the derivatives of the magnetIC fle|dSZi§t0, we middle one has even panty Thmmerica”y determinecbxponen_
also findA,-A_=nC,-nC_. Matching the magnetic fields at tial decay length for th&=1.327 and 1.368 eigenmodes are 4.7488
z=1-d, we find A V+A kD= C,e™™d  anq 23298, respectively. For comparison, we also show the spa-
+C_e" 9], while matching the electric fields or the deriva- tially dependent index of refractian(z). [Each slab has an index of
tives of the magnetic fields at=1-d, we find A,e<®-®  refraction ofn;=3, a width ofd;=0.3, and a position of;=j-25
_A_e—ik(l—d):nék[C+e‘i“kd—C_ei“de_ By putting these four (j=1,2,3,...,5L S=51, the numerical box length=200, and
equations forA,, A_, C,, and C_ together, we obtain the Q=20 000 leads to 30 grid points per sfab.

following matrix equation:

w

cated as solid bars below the curve k) for S=51 in Fig.

A 1 1 -1 -1 1 and the agreement with the numerical data for the two
A Al 1 -1 -n n finite size systems is extremely good.
C. gk@-d)  grik(l-d)  _ gilankd  _ qi(a+nkd When |[f(k)|>1, g becomes either purely imaginafiye.,
C. gk(1-d)  _ gk(1-d) _ nd(gnkd d(a+nkd g=ilmq) or g=7+i Im g since coé Imqg)=cosiimq)>1
and co$i Im g+ m)=-cosllm q)<-1. The corresponding
A, wave solution, for whictf(k) > 1, then decays exponentially
A as B,(2)=€%u,(2)=e M 97,(2), where Imq=cosh™[f(K)]
X c. |~ 0. (3.) andu,(2) is a periodic function that satisfieg(z+ 1) =uy(2).
c The wave solution, for whicH(k)<-1, also decays expo-

nentially as By(2)=€%u,(2)=e M %€ (2), where Imq

In order for a solution for this equation to exist, the determi-=cosh{-f(k)].

nant of A, which is given by deA=-4€%9-(1 We have estimated the decay lengths for the eigenmodes
+n?)sin(nkd)sink(1-d)]+2n cognkdcogk(1-d)] previously mentioned in Sec. Il A. For the eigenmodekat
—2n cosq}, must vanish. If we define a new functiétk) by  =1.327, the Kronig-Penney model predicByxp=1/Imq
=1/cosh™[|f(k)[]=4.8526, which roughly agrees with our

2
f(k) = - n+ sin(nkd)sink(1 —d)] numerical resulD ~4.7488, whereas for the eigenmode at
k=1.368, we find Dxp=1/Imq=1/coshy[|f(k)|]=2.3305,
+ cognkd)cogk(1 —d)] (3.20  Which is in a better agreement with our numerical re€ult

~2.3298. As shown in Fig. 2, the eigenmodekat1.327
the condition det =0 becomed (k)=cosg. By solving this  decays into the medium more slowly with the longer decay
equation for a given value af, we obtain the wave number length so that it suffers more severely from the finite size
k as a function ofg [i.e., k=k(q)] as well as the dispersion effect. This is why the agreement betweRg. andD is not
relation or the frequency as a function gf[i.e., w=ck  as good for this eigenmode compared with the eigenmode at
=ck(g)]. As —-1=<cosq=<1, those values ok for which  k=1.368.

|f(k)| > 1 do not lead to Bloch wave solutions. Thésealues The density of eigenmodegk) also depends on the func-
form band gaps whereas those valueskdbr which |f(k)| tional relationship betweerk and q as p(k)=dN(k)/dk
<1 form bands. =(dk/dg) " [dN(k(q))/dq], whereN(k) is the number of the

By solving eitherf(k)=1 or f(k)=—1, we can estimate the eigenmodes whose wave number is less thdfiwe impose
location of each band gap for a medium of infinite size withperiodic boundary conditions on the index of refractjon.,
d;=0.3 andn;=3. The locations of the band gaps are indi-n(0)=n(S)], then the eigenmodes must also satisfy the peri-
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odic boundary conditions and the crystal momentum beternating sequence of regions with oscillatiigk) (i.e.,
comes an integer multiple of2 S or g=(intege) X (27/S) band$ and regions of zero transmission or gaps. The loca-
so thatdN(k(q))/dg=S/ 7 since for a given value df, there tions of these bands and gaps for media with a Siz& are
exist two eigenmodes with= *(intege) X (27/S). The den-  predicted with remarkable precision by the Kronig-Penney
sity of eigenmodes is then completely determined by themodel and are therefore found to be nearly independent of
function k=k(g) or p(k)=(S/m)(dk/dg)~t. Because the system size. There are approximately two types of trans-
(dk/dg)~1=-(df/dK)/sing, (dk/dg)™ diverges ask ap- Mission bands in the spectrum. The thirf@.182<k
proaches a band edge, where+m, so thatp(k)/Sdiverges <5.334, the fifth (8.328<k<9.446, the seventh
at the band edge gs(k)/SxS. In contrast, the density of (12.3966<k<13.6143, and the tenth (17.8016<k
eigenmodes that we have obtained for a finite dielectric me=19.0193 bands are characterized by eigenmodes that have
dium of lengthS (embedded inside a larger interval of length a relatively small overlap with each slab, which agrees with
L) is roughly independent of the wave numlezxcept at the ~ what the ratiol 4/1;_4 in the Kronig-Penney model indicates.
band edges, where it shows a small peak that grows with thé/e call these bands low bands. The eigenmodes of the first
medium sizeS. These peaks are therefore finite size effectd0<k<1.319, the second(2.594<k<3.702, the fourth
and should lead to divergence &grows to infinity. (6.406<k<7.429, the sixth (10.150<k<11.198, the

As we will see in the next section, a different type of eighth (13.8595<k=<15.055, and the ninth(16.3609<k
disorder introduced into a photonic crystal of finite size af-<17.5564 bands have a larger overlap with the slabs, which
fects each band differently depending on how much ampliagain agrees with what the rafig/l ,_q in the Kronig-Penney
tude weight the eigenmodes have in the dielectric slabsnodel indicates, and we call these bands high bands. As a
Within the Kronig-Penney model, in order to estimate theconsequence of the different types of overlap between the
relative overlap of an eigenmode with the dielectric slabs, weigenmodes and the slabs, the low and high bands are af-
can use a ratidy/1,_4 between the average intensity of the fected differently by disorder.
magnetic field in a dielectric slab and the average intensity of In general, fluctuations will reduce the transmission and
the magnetic field in a gap between adjacent slabs defined @se larger the wave numbéris, the larger is the impact of

0 fluctuations. In contrast to the periodic medium for which the
f dZB|? overall transmission profile was nearly independent of the
lg -d system sizeS, the effect of disorder is strongly dependent on
E =T the system siz&.
f d4B|? However, as the size of fluctuations increases, we have
0 also observed that within a region that is originally a very
d(|C.[2+|C_[2) + (LNKIM[C,C_" (1 — e72nkd)] narrow band gap for the crystal, the value of the transmission

= 5 KD coefficient can even evolve into a finite value. In fact, we
(L =d)(|AJ*+1) = (1Im[A,(1 - )] have found a direct relationship between the size of the band
(3.3 and the required amount of disorder to induce a nonzero

S _ _ - . transmission. For example, a narrow ga[3.702<k

where C,=[-i/(nF 1) {elark1-d] - gtinkdl / sin(nkd) and A, L )
+ <4. -
=C,+C_-1. For a medium of infinite size witt{,=0.3 and 4.182 becomes transmissive for a lower degree of disor

n;=3, the ratiosly/1, 4 for the first, the second, the fourth, der than a relatively wider gap regidi3.334<k <6.406.

the sixth, the eighth, and the ninth bands have a reIativeITh'S is consistent with the spatial structure of the eigen-

larger value than for the third, the fifth, the seventh, and th odes in a gap region whose exponential decay leriths
tenth bands. decrease asapproaches the center of the gap. Consequently

the eigenmodes near the center of the gap have the smallest
overlap with the medium and are most immune to disorder.
IV. IMPACT OF DISORDER ON THE EIGENMODES AND
THE TRANSMISSION SPECTRUM A. Disorder in the positions of the slabs

While there exist many studies on infinitely extended pho- The location of each slal was varied according ta;
tonic crystals and completely random media, in this work we=j+r, wherer is a uniformly distributed random number in a
focus on the transition between these two limiting casestange <<r</{. The parametef then serves as a measure
There are various ways in which one can introduce disordefor the degree of disorder in the positions. In order to avoid
into the photonic crystal. Fluctuations can be introduced int@ny overlap between two successive slabs, we have restricted
each of the three parameters for the slabs: the index of re-to be in the range € {<(1-d)/2, whered is the width of
fraction and the position and the width of each slab. It turnseach slab. In the third graph from the top in Fig. 3, we show
out that the resulting transmission spectrum depends senghe transmission coefficiefi(k) for {=0.34 as a function of
tively on what kind of disorder is introduced. We will there- the wave numbek. To better judge the impact of the fluc-
fore discuss the specific impact of each kind of disordeituations, we have also shown, at the bottdrtk) for the
separately and relate the transmission coefficient to the sparystal taken from Fig. 1. A few observations are in order.
tial structure of the eigenmodes. First, the first band is hardly affected by the position fluc-

The quasi periodic transmission spectrum for a perfectuations, especially neak=0, simply because the eigen-
crystal was shown in Fig. 1. It was characterized by an almodes neak=0 have wavelengths much longer than the
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transfer matrix vanish only &t=0. One could argue that
these robust eigenmodes constitute a set of measure zero and
are therefore irrelevant for(k) as a function of the continu-

ous wave numbek. However, due to the finite size of the
medium, there are regions knaroundk, for which the trans-
mission coefficient becomes sizable. The widths of these re-
gions ink, however, shrink toward zero with an increasing
system size.

B. Disorder in the width of each slab

Next we have varied the width of each sldpaccording
to dj=d+r, wherer is again a uniformly distributed random
number in a range &<r <{. The second graph from the top
in Fig. 3 shows the transmission coefficient #x0.04, for

FIG. 3. The transmission coefficient for various types of disor-which each width was varied by at magid=0.13. Different
dered media forS=51. Index fluctuations(top): nj=3+0.3, d from the previous case, now the high bands are most sensi-
=0.3,z=j-25. Width fluctuationgsecondt n;=3, d;=0.3+0.04, tive to the fluctuations and faf>0.04 all but the first high
z=j-25. Position fluctuationdthird): n;=3, d;=0.3, z=j-25  band show a vanishing transmission. This is expected as the
+0.34. Crystal (bottom: n;=3, d;=0.3, z=j-25. The random eigenmodes in the high bands have a larger overlap with the

numberr is uniformly distributed in -Xr<1. The open arrows slabs and are therefore more sensitive to the changes in the
denote location& =I#/(nd) and the closed arrows denote locations slab widths.
k=l7/(1-d) forI=1,2,....

distances between adjacent slabs and are therefore less sen- C. Disorder in the index of refraction

sitive to the actual positions of the slabs. o Last we have varied the index of each stataccording to
Second, the transmission coefficient for the third, f|fth,nj:n+r, wherer is a uniformly distributed random number

seventh, and tenth bandise., low bands has been reduced iy 5 range ¢<r<¢, where we set & ¢<1-n to avoid a

to zero, whereas the second, fourth, sixth, eighth, and ninthegative index of refraction. The top graph in Fig. 3 shows
bandsi.e., high bandsseem to be less affected by the po- e transmission coefficient fa=0.4 resulting in a relative
sition fluctuations. The reason for these remarkably robusj, tuation in the index of at most/n=0.13. The most ro-

eigenmodes in the high bands can be easily understood. T%St eigenmodes are centered around the wave nunkbers
O—sleqr/(l—d) (I is an integer marked in the figure by black
arrows. This conditiork,=I=/(1-d) means that an eigen-
mode associated with any of these wave numbers picks up
nly a phase of either zero arin vacuum between a pair of

effective wavelength /n fits within twice the slab widtld or

2d=IN/n, wherel is an integer, so thdg=I#/(nd). For com-
parison, we have marked the locationskpby open arrows
at the bottom of the figure. For these wave nu_mbers, the fiel djacent slabs. As these special eigenmodes for our model
leaves each slab W't.h a phase change of enhgr @.0n -~ edium are all found in the low bands and do not have much

other wo_rds, these. glgenmodes are completely immune to plitude weight inside the slabs, the effect of disorder in

change in the position of each slab because each slab l:éfh

sinvisible” for th . d d th e indices of refraction for the slabs are not much felt by
comes nvisible Tor INese eigenmoces and the corresponGy,qse eigenmodes so that they are relatively robust against

ng transfer matrix for the slabse_e Eq.2.1)] becomes also ._such disorder. These robust eigenmodes therefore see an ef-
diagonal. According to the Kronig-Penney model, the rat'ofective homogeneous medium of lengd and if the index

l4/11-g, Which is the measure for the overlap of an eigen- : . L

mode with the dielectric slabs, [sl/(1-d)J[(n+1)/(2m2)]  hesiatons are :;‘g'ag‘fdtzﬁgzxmr:ss'on coefficient is that of a
for the elger_lmode W'trk'_:m/(n_d)’ yvh|le Id/ll‘d:d_/(l Returning to the Kronig-Penney model, we find that the
—d)_for th_e e|genm0die ak-(z), which 2|s_the m_ost re_S|stant functionf in Eq. (3.2) reduces td (k)= (-1)'cogndk) so that
against disorder. Fon=3, (n°+1)/(2n°)=0.56 is a sizable he corresponding crystal momentuny satisfies cos
fraction of 1, which is consistent with our result that all the:f(k|):(—1)'cos(ndk). As |cogknd)|<1, we can always

robust eigenmodes are found in high bands. find a real value forg for eachk, so that these relatively
Using the Kronig-Penney model outlined in Sec. Il B, opust eigenmodes are always inside a band.
one can show that in an infinite crystal the wave numbers

k=I=/(nd) are always located inside a band, because the
function f in Eq. (3.2) takes the valud (k) =(-1)'cogk (1
—d)] at this wave number so that the corresponding crystal We have investigated the effect of disorder on a one-
momentumg, satisfying cosy=f(k)=(-1)'cog§k(1-d)] is  dimensional photonic crystal with a finite size. Depending on
always real. We should remark that the appearance of thedbe type of disorder introduced, different wave number re-
robust eigenmodes is a phenomenon unique to electromagions in the transmission spectrum are affected by the disor-
netic waves and there is no counterpart for electronic eigerder. We have traced the various impacts on the transmission
states for which the diagonal elements of the correspondingpectrum back to the spatial structure of the eigenmodes,

V. SUMMARY AND OUTLOOK
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tion of the electronic Kronig-Penney model to the electro-
magnetic field situation and a relatively trivial
diagonalization of the Maxwell steady state equation to com-
pute the eigenvectors without extensive numerical calcula-
tion. Furthermore, the visualization of the results was signifi-
cantly simplified leading also to a better intuition for the

MI\IV\/\/\/\ physics. The natural question that needs to be addressed con-

cerns those finite sized random dielectric media that do not
have any symmetries and require a full three dimensional
treatment.

Even though some works have been reported on how to
generalize transfer matrices to composite two- or three-
dimensional3D) systemg8-11], we are not aware how the

1 3
_WMHMUMMHJMMI Kronig-Penney model could be extended to describe these

40 20 0 20 , 40 systems. Also the direct relationsHig] between the eigen-
value spacing of the discretized model and the transmission
FIG. 4. Spatial profile of the eigenmodes for a random mediumcoefficient requires certain spatial symmetries for the 3D sys-
in the region with vanishing transmission. The wave numbers fof€m in order to be valid.
the eigenmodes are=1.334 (bottorm), 1.355 (middle), and 1.376 However, despite the inapplicability of several math-
(top). At the bottom is the spatially dependent index of refractionematical and computational techniques, we believe that each
n(z). [Each slab has an index of refractionm=3, a width ofd| of the physical findings in this work should also apply to
=0.3, and a random position af=j-25+0.34 wherer is a ran-  systems that are truly random in all three spatial dimensions.
dom number in —-Xr<1. S=51, the numerical box length For instance, the main connection between the degree of spa-
=200, andQ=20 000 leads to 30 grid points per slhb. tial localization of the eigenmodes and the corresponding
transmission along that particular propagation direction as
which were obtained through a numerical solution of thewell as its sensitivity toward spatial randomness should ob-
stationary wave equation on a spatially discretized grid withviously generalize to any nonsymmetric dielectric system as
the absorbing boundary condition. We have also generalizege||.
the Kronig-Penney model originally developed for an elec- |n three-dimensional systems the eigenmodes are labeled
tron in a one-dimensional periodic potential to photonic crysy the vectork (and not just the scaldras discussed in this
tals. This model provides an analytical insight into the basiayork) and only those modes can be excited by an incoming
features of the transmission spectrum, which persist even faglectromagnetic field, whose vectiris approximately par-
finite size photonic crystals with a small amount of disorder.allel to the propagation direction. Inside the medium, how-
For a dielectric medium with reflection symmefiye., n(z2)  ever, the beam can spread ddiffuse) significantly also in
=n(-2)], we have previously show#] that the transmission the two transverse directions. This transverse spreading be-
coefficient is directly related to the spacing between adjacerttavior, however, cannot be predicted by our approach and
eigenvalues. In this work we have focused our attention onvould require the solution of the 3D Maxwell equatid®],
the effect of the spatial structure of the eigenmodes on thas well as a corresponding diagonalization in all three spatial
transmission spectrum. dimensions. We are not aware of any study that has investi-
Of some interest to us are the localized eigenmodes insidgated these interesting questions for a random medium of
the medium that occur when the degree of disorder becomdite size.
significant. In a finite size random system, a vanishing trans- As a first step one could investigate a two-dimensional
mission can be achieved either through degenerate statphotonic crystal of finite size, and explore how a randomness
whose weights are basically outside the medium and whiclthat acts only along one coordinate direction would affect the
decay exponentially into the medium like evanescent wavespatial structure of the eigenmodes in the perpendicular di-
or through nondegenerate normalizable localized states thatction. It would be interesting to observe 3D localized states
reside inside the medium with no weight outside the me-that require three different localization scales.
dium. As an example, we show, in Fig. 4, the irregular spatial In a future work we will investigate the appearance of
structure of two of these localized eigenmodes together witlthese localized eigenmodes as we increase the degree of dis-
an exponentially decaying eigenmogwiddle). We should order in a finite size crystal. As the corresponding eigenval-
also note that if the disorder is such that the parity in theues will evolve through several avoided and possibly non-
index of refraction is still preserveld.e., n(z=n(-2)], then  avoided crossings as the disorder grows, it might be
the localized states have either odd or even parity, or they ariateresting to trace localized states back to eigenmodes in the
degenerate with partners that are their mirror images. crystal. As the band gap eigenmodes for the crystal have
The present analysis was performed for a threepractically no weight inside the medium, it might be inter-
dimensional medium in which the special translation symmeesting to observe how the localized eigenmodes are gener-
try with respect to two coordinate directions led to an effec-ated from these gap eigenmodes.
tively one-dimensional description. This description There are many more interesting questions for which one-
permitted a straightforward application of the scattering madimensional model systems like the one studied in our analy-
trices to obtain the transmission coefficient, the generalizasis can be of help. For instance, it is not clear at the moment
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how the randomness in the medium is reflected in the ranstrict mathematical derivation of the Boltzmann equation
domness of the correspondirfifidiagona) matrix for the  from the Maxwell equations has not been fouid], it was
eigenmodes. Can one adopt some of the results of the theoshown recently15] that under certain conditions an average
of banded random matrices to better understand the transmisver a small frequency range of the Maxwell transmission
sion coefficient? Could one learn something from a leveldata can match the prediction of the Boltzmann equation. A
spacing statistics similar to those often investigated for quanbetter understanding of the precise transition from a micro-
tum chaotic systemjsl 3]? Is there a counterpart to the quan- scopic to a macroscopic theory would be very beneficial for
tum chaotic systems characterized by a large amount of levéhe study of those systems that are too complex to be de-
repulsion? Maybe one can use the random matrix theory tecribed by a microscopic theory but are too “coherent” to
identify the fluctuating part of the transmission coefficient tomake the Boltzmann theory applicable.

find its average, which then would be independent of the
specific realization of the random medium. These questions
are quite important when we try to make contact with more
macroscopic theories for pulse propagation such as the Bolt- This work has been supported by the NSF. We also ac-
zmann theory mentioned in the Introduction. Even though &nowledge support from the Research Corporation.
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