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Using the transfer matrix method as well as numerical solutions to the one-dimensional wave equation
derived from the Maxwell equations, we study the transition from a photonic crystal with a finite size to a
random dielectric medium. We examine the validity of the Kronig-Penney model for a finite size crystal and
analyze the spatial structure of the eigenmodes as the crystal is made more irregular.
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I. INTRODUCTION

The propagation of electromagnetic radiation through
highly scattering media can be described with three different
degrees of accuracy. The least accurate approach uses the
diffusion equation for which the optical properties of the
medium are modeled by a single macroscopic parameter, the
reduced scattering coefficient. More accurate is the descrip-
tion by the Boltzmann equation, in which the scattering
phase function as well as the scattering coefficient model the
medium. The Boltzmann and diffusion equations have been
successfully applied in wide areas ranging from meteorology
to bio-optical imaging. Both approaches approximate the ra-
diation by its intensity and cannot describe any coherent phe-
nomena that are based on the wave nature of the electromag-
netic field. These two approaches give sufficiently accurate
results for random media but are inappropriate for more
regular structures such as are found in crystals.

The most accurate description of the radiation in regular
structures is the microscopic approach provided by the Max-
well equations. It requires precise knowledge about the loca-
tions and optical properties of individual scatterers that con-
stitute the medium. However, due to the complexity of this
theoretical description, analytical solutions can be found
only for systems that either consist of a very small number of
scatterers or have simplifying geometries leading to reduced
dimensional descriptions.

A lot of progress has been made on two separate fronts.
The study of the band gap structures in photonic crystalsf1g
has led to remarkable potential applications for light
switches and new optical filters. At the same time, the work
on the quasicoherent properties of random media has re-
sulted in the discoveries of light localizationf2g and of lasing
based on random mediaf3g. To the best of our knowledge,
however, the precise nature of the transition from regular to
random structures has not been thoroughly investigated.

In this work we will investigate this transition using the
solutions of the Maxwell equations for a simple one-
dimensional scattering system: a sequence of parallel dielec-
tric slabs. The numerical solutions of these equations will
permit us to explore the transition from a regular crystal,
characterized by an equidistant arrangement of identical
slabs, to a random system for which the index of refraction,
the spacing between the slabs, or the thickness of the slabs is
made random. We will examine the spatial structures of the
corresponding eigenmodes and show that the change of the

total transmission coefficient is associated with a change in
these modes. In a recent workf4g, we have demonstrated that
the transmission coefficient can be obtained directly from the
eigenvalues of the stationary wave equation solved under an
appropriate absorbing boundary condition. In this work our
focus will be on the spatial properties of the eigenvectors.

This article is organized as follows. In Sec. II we describe
our model system, the transfer matrix theory, and the numeri-
cal method with which we determine its spectrum and its
eigenmodes. We also have a brief discussion on the physical
meaning of these eigenmodes. In Sec. III we show how the
transmission coefficient for a photonic crystal of a finite size
is related to the spatial structure of the corresponding eigen-
modes. We generalize the Kronig-Penney model, which has
been used to model the electronic structure for a periodic
potential, to the transport of electromagnetic radiation. We
compare its prediction with our numerical results for the fi-
nite photonic crystal. In Sec. IV we introduce random fluc-
tuations in various parameters of the dielectric medium and
analyze their impact on the spectrum as well as on the eigen-
modes. We close our discussion with an outlook on future
work.

II. THE MODEL SYSTEM AND ITS NUMERICAL
SOLUTION

A. The model system and the transfer matrix theory

The model medium whose optical properties we will ex-
amine consists of a series ofS lossless dielectric slabs ar-
ranged along thez axis. Each slab occupies an intervalfzj

−dj /2 ,zj +dj /2g centered atzj and has an index of refraction
nj s j =1,2, . . . ,Sd. The set of 3S numbershzj ,dj ,njj thus
completely characterizes the medium. We neglect the homo-
geneous dispersion arising from a frequency-dependent in-
dex of refraction. However, due to the spatial dependence of
the index of refraction from layer to layer, the net transmis-
sion strongly depends on the wavelength of the electromag-
netic field.

We assume that the incoming field travels perpendicular
to the slabs. This allows us to analyze the scattering of the
field strictly in one dimension as the scattering is in either the
forward or the backward direction and both the electric and
magnetic field vectors are parallel to the slab-vacuum inter-
faces. In general, the electric field is a superposition of plane
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waves polarized along thex direction, E=exE expfis±kz
−vtdg, whereE is the complex amplitude andk=2p /l de-
notes the wave number, while the magnetic field is a super-
position of plane waves polarized along they direction, B
=eyB expfis±kz−vtdg.

For this model medium, we can compute the transmission
coefficient exactly using the transfer matrix approachf5g by
matching both the electric and the magnetic fields at the
interfaces. For thej th slab occupying an intervalfzj

−dj /2 ,zj +dj /2g and with an index of refractionnj, the trans-
fer matrix M s jd relates the magnetic fieldBszd=Bae

ikz

+Bbe
−ikz on the left-hand side of the slabsi.e., for zøzj

−dj /2d to the magnetic fieldBszd=Bce
ikz+Bde

−ikz on the
right-hand side of the slabsi.e., for zùzj +dj /2d by

SBc

Bd
D = M s jdSBa

Bb
D = SM11

s jd M12
s jd

M21
s jd M22

s jd DSBa

Bb
D , s2.1d

where

M11
s jd = M22

s jd* = e−idjkFcossnjdjkd + i
nj

2 + 1

2nj
sinsnjdjkdG

s2.2ad

and

M12
s jd = M21

s jd* = − i
nj

2 − 1

2nj
e−2izjk sinsnjdjkd. s2.2bd

In between the slabs, the magnetic field amplitude does not
change and the outgoing field amplitudeBc for the slab atzj
is identical to the incoming field amplitudeBa for the slab at
zj+1. For the medium composed ofS slabs, we obtain the
total transfer matrix by multiplyingS transfer matrices,M
=M SM S−1¯M 3M 2M 1. The total transmission coefficientT
for the entire medium can then be computed from the total
transfer matrixM via T= udetM u2/ uM22u2=1/uM22u2, where
Mij are the matrix elements ofM .

B. Meaning of the eigenmodes

The eigenmodes for our medium are defined as those
statesEvszd andBvszd that satisfy the stationary wave equa-
tion for the electric field

−
c2

nszd2

d2

dz2Evszd = v2Evszd s2.3ad

and that for the magnetic field

−
d

dz
F c2

nszd2

d

dz
GBvszd = v2Bvszd. s2.3bd

In our work we are interested in the steady state inside the
dielectric medium at a given laser frequencyv. In order to
solve the eigenvalue problems, we must specify a set of
boundary conditions for the second-order differential equa-
tions s2.3ad and s2.3bd. For example, for the single periodic
boundary conditionfi.e., Evs−L /2d=EvsL /2dg, the spectrum
is in general nondegenerate. When we also require
dEv / udzuz=−L/2=dEv / udzuz=L/2, it becomes discrete. For ab-

sorbing boundary conditionsfi.e., Evs−L /2d=EvsL /2d=0g,
the eigenvaluesv become also discrete. As we choose the
numerical parameterL much larger than the size of the di-
electric medium, the precise choice of the boundary condi-
tion is irrelevant for our discussion.

As the wave equation is of second order in time, the evo-
lution of any initial electric field pulseFsz,t=0d;gszd de-
pends also on its initial time derivative]F / u]tut=0;gdszd. Us-
ing the eigenmodes, we obtain the time evolution of the
electric field to be

Fsz,td = o
v
FkEvuglcossvtd +

1

v
kEvugdlsinsvtdGEvszd,

s2.4d

where the summationsor integrationd extends over all posi-
tive frequencies and the notationk u l refers to the scalar
product under which the eigenmodes are perpendicular to
each other,kEv uEv8l=dvv8. We should note that in contrast
to stationary energy eigenstates of the Schrödinger equation,
whose norm is constant in time for a time-independent
Hamiltonian operator, in the Maxwell case the weights are
time dependent and there can be periodic moments in time
when the factorsf g in front of Evszd in Eq. s2.4d become
identical to zero. As each term in the sum in Eq.s2.4d rep-
resents a standing wave, any propagating state must excite at
least two different eigenmodes.

In a practicalstime-dependentd arrangement, the incoming
laser field would require some time for the steady state inside
the dielectric medium to be established. During this time, the
field energy density rises inside the dielectric medium as the
laser light enters the medium. If this time is shorter than the
time it takes for the front edge of the laser light to reach the
numerical boundary atz=L /2 sor the reflected light to reach
z=−L /2d, then the time evolution given by the expansion in
the eigenmodes describes the correct time evolution of the
laser field. In other words, thesnumericald discreteness of the
spectrum is irrelevant ifL /c is chosen large enough.

C. Numerical technique to obtain the eigenmodes

We now discuss how we can determine the spatial profile
of each eigenmode. We solve numerically the stationary
wave equation for the magnetic field given by Eq.s2.3bd
under absorbing boundary conditions. The magnetic field is
polarized along they axis, while the electric field is polarized
along thex axis and related to the magnetic field through the
Maxwell equations. We have discretized an interval
f−L /2 ,L /2g along thez axis into Q grid points located at
zq=s−Q/2−1/2+qdL /Q, where q=1,2, . . . ,Q. The dis-
cretized version of the wave equations2.3bd takes the fol-
lowing form:

1

nszq+1/2d2Bszq+1d − F 1

nszq+1/2d2 +
1

nszq−1/2d2GBszqd

+
1

nszq−1/2d2Bszq−1d = kj
2S L

Q
D2

Bszqd. s2.5d

Using standard numerical techniques, we diagonalize the
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tridiagonal matrix corresponding to this equation to compute
its discrete eigenvalueskj and eigenvectors.

For the special case of vacuum, for whichnszd=1, the
eigenvalues of Eq.s2.5d can be obtained analytically askj
=sQ/Ldf2−2 cosh jp / sQ+1djg1/2. This expression is useful
when we estimate the error due to the finite difference for-
mula for the second derivative as well as due to the discrete
sampling rate. Without discretization, the exact eigenvalues
for vacuum for the interval of lengthL are given bykj
= jp /L so that the density of eigenmodes defined as the av-
erage number of eigenvalues per unit wave number becomes
rskd=L /p.

III. THE SIMPLE PHOTONIC CRYSTAL WITH A FINITE
SIZE

A. The transmission spectrum and the eigenmodes

Before we examine the transition from a regular photonic
crystal to a random dielectric medium, let us first discuss the
optical properties of a photonic crystal of finite sizef6g. In
Fig. 1, we display the transmission coefficient as a function
of the wave numberk for two photonic crystals consisting of
S=5 and 51 dielectric slabs with a width ofdj =0.3 and an
index of refractionnj =3. We note that the alternating se-
quence of oscillatory intervals and regions with almost no
transmission is characteristic for both systems and is rather
independent of the system sizeS. The larger the system size
S is, the more oscillatory is the transmission coefficient.

Let us take the case ofS=51 to summarize the main fea-
tures of the transmission spectrum. Atk=0 si.e., the static
limit d the dielectric medium is invisible, or in other words,
the wave with the correspondingsi.e., infinited wavelength
cannot resolve the presence of the medium. As the wave
number grows, the transmission coefficient exhibits an oscil-
latory sequence of exactlyS maxima atT=1, whereS is the
number of the slabs. With increasingk, the minima between
the maxima descend until they reachT=0 at k=1.31.

In the next interval 1.315,k,2.594, the medium is com-
pletely opaque, and this window of no transmission corre-

sponds to a band gap region for the photonic crystal of an
infinite size, which will be discussed below. For 2.594,k
,3.702, we have again an oscillatory region, and for 3.702
,k,4.182 we have the next transmissionless region. This
pattern repeats itself ask grows. We should point out that the
overall structure ofTskd does not depend too much on the
crystal sizeS if S is larger than 5.

In order to relate the transmission coefficient to the dis-
crete wave number spectrum, we have calculated the mini-
mum spacing between adjacent eigenvalues defined assj
;minsukj −kj−1u , ukj −kj+1ud. As we mentioned above, for
vacuum, the wave numbers are equidistant in the spectrum
resulting in the constant density of eigenmodesrskd=L /p.
We find that the region withT=0 is characterized by pairs of
degenerate wave number eigenvalues withsj =0. In this re-
gion all the eigenmodes have practically vanishing weight
inside the dielectric medium, −S/2,z,S/2. Consequently,
these eigenmodes have their support mostly on both sides
outside the medium, which leads to the degeneracy. This
finding is also consistent with the fact that for one-
dimensional systems with reflection symmetrynszd=ns−zd,
the transmission coefficient is generally given byTskd
=sin2fLDskd /2g, where Dskd denotes the spacing between
two adjacent eigenvaluesf4g. It is also important to note that
the density of eigenmodes is nearly constant for allk. The
exceptions are the eigenmodes very close to the edges of the
transmissionless regions where the density of eigenmodes
becomes slightly higher. We will further comment on this in
the next section. We also observe that the eigenmodes that
are closest to these edges have a large weight inside the
dielectric medium.

In Fig. 2, we display the spatial profiles of the eigenmodes
near the first band edge atk=1.315 for the medium withS
=51. For comparison we have also included the spatially
dependent index of refraction at the bottom. Due to the re-
flection symmetrynszd=ns−zd for this regular array, the
eigenmodes are either degenerate or with definite parity. The
bottom and the top eigenmodes are degenerate, whereas the
middle eigenmode has even parity. A comparison with Fig. 1
shows that the bottom eigenmode is associated withT=1,
whereas the top two eigenmodes have vanishing transmis-
sion and nearly no weight inside the medium.

The bottom eigenmode withk=1.313 has a large fraction
of its total weight inside the medium, whereas the eigen-
modes fork=1.327 and 1.368 oscillate with an exponentially
decaying amplitude inside the medium proportional toBszd
,expf−sz+S/2d /Dg in the region −S/2,z,0 and similarly
for z.0. Near a band edge, the decay lengthD is compa-
rable in size to the length of the mediumS, but as the wave
number increases, the decay length shrinks. For a later com-
parison with the predictions by the Kronig-Penney model to
be discussed in the next section, let us note that the numeri-
cally determined values for the decay length areD
<4.7488 fork=1.327 andD<2.3298 fork=1.368.

B. The Kronig-Penney model for an infinite crystal

Let us now discuss a simple analytical model which can
predict the locations of the transmissionless windows, where

FIG. 1. The transmission coefficient for periodic arrays of 5 and
51 dielectric slabs as a function of the wave numberk. The bars at
the bottom indicate the locations of the band gaps according to the
Kronig-Penney model. Each slab has an index of refractionnj =3, a
width dj =0.3, and a position ofzj = j −sS−1d /2 s j =1,2,3, . . . ,Sd.
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Tskd=0, as well as the exponential decay lengths for theT
=0 eigenmodes. We generalize the Kronig-Penney modelf7g
for an electron subject to a one-dimensional periodic step
potential with the periodic boundary conditions to calculate
the dispersion relation for an electromagnetic wave propagat-
ing through an array of equally spaced dielectric slabs of the
fixed index of refraction. The stationary wave equation for
the magnetic field polarized along they axis was given by
Eq. s2.3bd, where the index of refractionn is periodic and
satisfiesnsz+ jd=nszd, where j is an integer. In each unit
interval f j , j +1g, the indexn takes the following two values:
nszd=1 s j øzø j +1−dd andnszd=n s j +1−d,zø j +1d.

In the interval 0,z,1−d, wherenszd=1, the magnetic
field is given byB=A+eikz+A−e−ikz, while in the interval −d
,z,0, where nszd=n, the magnetic field is given byB
=C+einkz+C−e−inkz. We then look for an eigenmode with the
ansatzBsz±1d=e±iqBszd. If q is real, then it is called the
crystal momentum of a Bloch wave. Matching the magnetic
fields atz=0, we findA++A−=C++C−. Matching the electric
fields or the derivatives of the magnetic fields atz=0, we
also findA+−A−=nC+−nC−. Matching the magnetic fields at
z=1−d, we find A+eiks1−dd+A−e−iks1−dd=eiqfC+e−inkd

+C−einkdg, while matching the electric fields or the deriva-
tives of the magnetic fields atz=1−d, we find A+eiks1−dd

−A−e−iks1−dd=neikbC+e−inkd−C−einkdc. By putting these four
equations forA+, A−, C+, and C− together, we obtain the
following matrix equation:

A1
A+

A−

C+

C−

2 =1
1 1 − 1 − 1

1 − 1 − n n

eiks1−dd e−iks1−dd − eisq−nkdd − eisq+nkdd

eiks1−dd − eiks1−dd − neisq−nkdd neisq+nkdd
2

31
A+

A−

C+

C−

2 = 0. s3.1d

In order for a solution for this equation to exist, the determi-
nant of A, which is given by detA =−4eiqh−s1
+n2dsinsnkddsinfks1−ddg+2n cossnkddcosfks1−ddg
−2n cosqj, must vanish. If we define a new functionfskd by

fskd ; −
n2 + 1

2n
sinsnkddsinfks1 − ddg

+ cossnkddcosfks1 − ddg, s3.2d

the condition detA =0 becomesfskd=cosq. By solving this
equation for a given value ofq, we obtain the wave number
k as a function ofq fi.e., k=ksqdg as well as the dispersion
relation or the frequency as a function ofq fi.e., v=ck
=cksqdg. As −1øcosqø1, those values ofk for which
ufskdu.1 do not lead to Bloch wave solutions. Thesek values
form band gaps whereas those values ofk for which ufskdu
ø1 form bands.

By solving eitherfskd=1 or fskd=−1, we can estimate the
location of each band gap for a medium of infinite size with
dj =0.3 andnj =3. The locations of the band gaps are indi-

cated as solid bars below the curve forTskd for S=51 in Fig.
1 and the agreement with the numerical data for the two
finite size systems is extremely good.

When ufskdu.1, q becomes either purely imaginarysi.e.,
q= i Im qd or q=p+ i Im q since cossi Im qd=coshsIm qd.1
and cossi Im q+pd=−coshsIm qd,−1. The corresponding
wave solution, for whichfskd.1, then decays exponentially
as Bqszd=eiqzuqszd=e−sIm qdzuqszd, where Imq=cosh−1ffskdg
anduqszd is a periodic function that satisfiesuqsz+1d=uqszd.
The wave solution, for whichfskd,−1, also decays expo-
nentially as Bqszd=eiqzuqszd=e−sIm qdzeipzuqszd, where Imq
=cosh−1f−fskdg.

We have estimated the decay lengths for the eigenmodes
previously mentioned in Sec. III A. For the eigenmode atk
=1.327, the Kronig-Penney model predictsDKP=1/ Im q
=1/cosh−1fufskdug=4.8526, which roughly agrees with our
numerical resultD<4.7488, whereas for the eigenmode at
k=1.368, we find DKP=1/ Im q=1/cosh−1fufskdug=2.3305,
which is in a better agreement with our numerical resultD
<2.3298. As shown in Fig. 2, the eigenmode atk=1.327
decays into the medium more slowly with the longer decay
length so that it suffers more severely from the finite size
effect. This is why the agreement betweenDKP andD is not
as good for this eigenmode compared with the eigenmode at
k=1.368.

The density of eigenmodesrskd also depends on the func-
tional relationship betweenk and q as rskd=dNskd /dk
=sdk/dqd−1fdN(ksqd) /dqg, whereNskd is the number of the
eigenmodes whose wave number is less thank. If we impose
periodic boundary conditions on the index of refractionfi.e.,
ns0d=nsSdg, then the eigenmodes must also satisfy the peri-

FIG. 2. Spatial profiles of the eigenmodes close to the border
between a band and a band gap for a finite size crystal. The wave
numbers for the eigenmodes arek=1.313 sbottomd, 1.327, and
1.368 stopd. The bottom and top eigenmodes are degenerate; the
middle one has even parity. Thesnumerically determinedd exponen-
tial decay length for thek=1.327 and 1.368 eigenmodes are 4.7488
and 2.3298, respectively. For comparison, we also show the spa-
tially dependent index of refractionnszd. fEach slab has an index of
refraction ofnj =3, a width ofdj =0.3, and a position ofzj = j −25
s j =1,2,3, . . . ,51d. S=51, the numerical box lengthL=200, and
Q=20 000 leads to 30 grid points per slab.g
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odic boundary conditions and the crystal momentum be-
comes an integer multiple of 2p /S or q=sintegerd3 s2p /Sd
so thatdN(ksqd) /dq=S/p since for a given value ofk, there
exist two eigenmodes withq= ± sintegerd3 s2p /Sd. The den-
sity of eigenmodes is then completely determined by the
function k=ksqd or rskd=sS/pdsdk/dqd−1. Because
sdk/dqd−1=−sdf /dkd /sinq, sdk/dqd−1 diverges ask ap-
proaches a band edge, whereq= ±p, so thatrskd /S diverges
at the band edge asrskd /S~S. In contrast, the density of
eigenmodes that we have obtained for a finite dielectric me-
dium of lengthS sembedded inside a larger interval of length
Ld is roughly independent of the wave numberk except at the
band edges, where it shows a small peak that grows with the
medium sizeS. These peaks are therefore finite size effects
and should lead to divergence asS grows to infinity.

As we will see in the next section, a different type of
disorder introduced into a photonic crystal of finite size af-
fects each band differently depending on how much ampli-
tude weight the eigenmodes have in the dielectric slabs.
Within the Kronig-Penney model, in order to estimate the
relative overlap of an eigenmode with the dielectric slabs, we
can use a ratioId/ I1−d between the average intensity of the
magnetic field in a dielectric slab and the average intensity of
the magnetic field in a gap between adjacent slabs defined as

Id

I1−d
=

E
−d

0

dzuBu2

E
0

1−d

dzuBu2

=
dsuC+u2 + uC−u2d + s1/nkdImfC+C−

*s1 − e−2inkddg
s1 − ddsuA+u2 + 1d − s1/kdImfA+s1 − e2iks1−dddg

,

s3.3d

whereC±=f−i / sn71dghe−ifq+ks1−ddg−e±inkdj /sinsnkdd and A+

=C++C−−1. For a medium of infinite size withdj =0.3 and
nj =3, the ratiosId/ I1−d for the first, the second, the fourth,
the sixth, the eighth, and the ninth bands have a relatively
larger value than for the third, the fifth, the seventh, and the
tenth bands.

IV. IMPACT OF DISORDER ON THE EIGENMODES AND
THE TRANSMISSION SPECTRUM

While there exist many studies on infinitely extended pho-
tonic crystals and completely random media, in this work we
focus on the transition between these two limiting cases.
There are various ways in which one can introduce disorder
into the photonic crystal. Fluctuations can be introduced into
each of the three parameters for the slabs: the index of re-
fraction and the position and the width of each slab. It turns
out that the resulting transmission spectrum depends sensi-
tively on what kind of disorder is introduced. We will there-
fore discuss the specific impact of each kind of disorder
separately and relate the transmission coefficient to the spa-
tial structure of the eigenmodes.

The quasi periodic transmission spectrum for a perfect
crystal was shown in Fig. 1. It was characterized by an al-

ternating sequence of regions with oscillatingTskd si.e.,
bandsd and regions of zero transmission or gaps. The loca-
tions of these bands and gaps for media with a sizeS.5 are
predicted with remarkable precision by the Kronig-Penney
model and are therefore found to be nearly independent of
the system size. There are approximately two types of trans-
mission bands in the spectrum. The thirds4.182,k
,5.334d, the fifth s8.328,k,9.446d, the seventh
s12.3966økø13.6143d, and the tenth s17.8016øk
ø19.0193d bands are characterized by eigenmodes that have
a relatively small overlap with each slab, which agrees with
what the ratioId/ I1−d in the Kronig-Penney model indicates.
We call these bands low bands. The eigenmodes of the first
s0,k,1.315d, the seconds2.594,k,3.702d, the fourth
s6.406,k,7.424d, the sixth s10.150,k,11.198d, the
eighth s13.8595økø15.055d, and the ninths16.3609øk
ø17.5564d bands have a larger overlap with the slabs, which
again agrees with what the ratioId/ I1−d in the Kronig-Penney
model indicates, and we call these bands high bands. As a
consequence of the different types of overlap between the
eigenmodes and the slabs, the low and high bands are af-
fected differently by disorder.

In general, fluctuations will reduce the transmission and
the larger the wave numberk is, the larger is the impact of
fluctuations. In contrast to the periodic medium for which the
overall transmission profile was nearly independent of the
system sizeS, the effect of disorder is strongly dependent on
the system sizeS.

However, as the size of fluctuations increases, we have
also observed that within a region that is originally a very
narrow band gap for the crystal, the value of the transmission
coefficient can even evolve into a finite value. In fact, we
have found a direct relationship between the size of the band
and the required amount of disorder to induce a nonzero
transmission. For example, a narrow gaps3.702,k
,4.182d becomes transmissive for a lower degree of disor-
der than a relatively wider gap regions5.334,k,6.406d.
This is consistent with the spatial structure of the eigen-
modes in a gap region whose exponential decay lengthsD
decrease ask approaches the center of the gap. Consequently
the eigenmodes near the center of the gap have the smallest
overlap with the medium and are most immune to disorder.

A. Disorder in the positions of the slabs

The location of each slabzj was varied according tozj
= j +r, wherer is a uniformly distributed random number in a
range −z, r ,z. The parameterz then serves as a measure
for the degree of disorder in the positions. In order to avoid
any overlap between two successive slabs, we have restricted
z to be in the range 0,z, s1−dd /2, whered is the width of
each slab. In the third graph from the top in Fig. 3, we show
the transmission coefficientTskd for z=0.34 as a function of
the wave numberk. To better judge the impact of the fluc-
tuations, we have also shown, at the bottom,Tskd for the
crystal taken from Fig. 1. A few observations are in order.

First, the first band is hardly affected by the position fluc-
tuations, especially neark=0, simply because the eigen-
modes neark=0 have wavelengths much longer than the
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distances between adjacent slabs and are therefore less sen-
sitive to the actual positions of the slabs.

Second, the transmission coefficient for the third, fifth,
seventh, and tenth bandssi.e., low bandsd has been reduced
to zero, whereas the second, fourth, sixth, eighth, and ninth
bandssi.e., high bandsd seem to be less affected by the po-
sition fluctuations. The reason for these remarkably robust
eigenmodes in the high bands can be easily understood. The
robust states are centered around those eigenmodes whose
effective wavelengthl /n fits within twice the slab widthd or
2d= ll /n, wherel is an integer, so thatkl = lp / sndd. For com-
parison, we have marked the locations ofkl by open arrows
at the bottom of the figure. For these wave numbers, the field
leaves each slab with a phase change of either 0 orp. In
other words, these eigenmodes are completely immune to a
change in the position of each slab because each slab be-
comes “invisible” for these eigenmodes and the correspond-
ing transfer matrix for the slabfsee Eq.s2.1dg becomes also
diagonal. According to the Kronig-Penney model, the ratio
Id/ I1−d, which is the measure for the overlap of an eigen-
mode with the dielectric slabs, isfd/ s1−ddgfsn2+1d / s2n2dg
for the eigenmode withkl = lp / sndd, while Id/ I1−d=d/ s1
−dd for the eigenmode atk=0, which is the most resistant
against disorder. Forn=3, sn2+1d / s2n2d=0.56 is a sizable
fraction of 1, which is consistent with our result that all the
robust eigenmodes are found in high bands.

Using the Kronig-Penney model outlined in Sec. III B,
one can show that in an infinite crystal the wave numbers
kl = lp / sndd are always located inside a band, because the
function f in Eq. s3.2d takes the valuefskld=s−1dlcosfkls1
−ddg at this wave number so that the corresponding crystal
momentumql satisfying cosql = fskld=s−1dlcosfkls1−ddg is
always real. We should remark that the appearance of these
robust eigenmodes is a phenomenon unique to electromag-
netic waves and there is no counterpart for electronic eigen-
states for which the diagonal elements of the corresponding

transfer matrix vanish only atk=0. One could argue that
these robust eigenmodes constitute a set of measure zero and
are therefore irrelevant forTskd as a function of the continu-
ous wave numberk. However, due to the finite size of the
medium, there are regions ink aroundkl for which the trans-
mission coefficient becomes sizable. The widths of these re-
gions in k, however, shrink toward zero with an increasing
system size.

B. Disorder in the width of each slab

Next we have varied the width of each slabdj according
to dj =d+r, wherer is again a uniformly distributed random
number in a range −z, r ,z. The second graph from the top
in Fig. 3 shows the transmission coefficient forz=0.04, for
which each width was varied by at mostz /d=0.13. Different
from the previous case, now the high bands are most sensi-
tive to the fluctuations and forz.0.04 all but the first high
band show a vanishing transmission. This is expected as the
eigenmodes in the high bands have a larger overlap with the
slabs and are therefore more sensitive to the changes in the
slab widths.

C. Disorder in the index of refraction

Last we have varied the index of each slabnj according to
nj =n+r, wherer is a uniformly distributed random number
in a range −z, r ,z, where we set 0,z,1−n to avoid a
negative index of refraction. The top graph in Fig. 3 shows
the transmission coefficient forz=0.4 resulting in a relative
fluctuation in the index of at mostz /n=0.13. The most ro-
bust eigenmodes are centered around the wave numberskl
= lp / s1−dd sl is an integerd marked in the figure by black
arrows. This conditionkl = lp / s1−dd means that an eigen-
mode associated with any of these wave numbers picks up
only a phase of either zero orp in vacuum between a pair of
adjacent slabs. As these special eigenmodes for our model
medium are all found in the low bands and do not have much
amplitude weight inside the slabs, the effect of disorder in
the indices of refraction for the slabs are not much felt by
these eigenmodes so that they are relatively robust against
such disorder. These robust eigenmodes therefore see an ef-
fective homogeneous medium of lengthSd, and if the index
fluctuations are small, the transmission coefficient is that of a
medium with lengthSdand indexn.

Returning to the Kronig-Penney model, we find that the
function f in Eq. s3.2d reduces tofskld=s−1dlcossndkld so that
the corresponding crystal momentumql satisfies cosql
= fskld=s−1dlcossndkld. As ucossklnddu,1, we can always
find a real value forql for eachkl so that these relatively
robust eigenmodes are always inside a band.

V. SUMMARY AND OUTLOOK

We have investigated the effect of disorder on a one-
dimensional photonic crystal with a finite size. Depending on
the type of disorder introduced, different wave number re-
gions in the transmission spectrum are affected by the disor-
der. We have traced the various impacts on the transmission
spectrum back to the spatial structure of the eigenmodes,

FIG. 3. The transmission coefficient for various types of disor-
dered media forS=51. Index fluctuationsstopd: nj =3+0.3r, dj

=0.3, zj = j −25. Width fluctuationsssecondd: nj =3, dj =0.3+0.04r,
zj = j −25. Position fluctuationssthirdd: nj =3, dj =0.3, zj = j −25
+0.34r. Crystal sbottomd: nj =3, dj =0.3, zj = j −25. The random
numberr is uniformly distributed in −1, r ,1. The open arrows
denote locationskl = lp / sndd and the closed arrows denote locations
kl = lp / s1−dd for l =1,2, . . ..
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which were obtained through a numerical solution of the
stationary wave equation on a spatially discretized grid with
the absorbing boundary condition. We have also generalized
the Kronig-Penney model originally developed for an elec-
tron in a one-dimensional periodic potential to photonic crys-
tals. This model provides an analytical insight into the basic
features of the transmission spectrum, which persist even for
finite size photonic crystals with a small amount of disorder.
For a dielectric medium with reflection symmetryfi.e., nszd
=ns−zdg, we have previously shownf4g that the transmission
coefficient is directly related to the spacing between adjacent
eigenvalues. In this work we have focused our attention on
the effect of the spatial structure of the eigenmodes on the
transmission spectrum.

Of some interest to us are the localized eigenmodes inside
the medium that occur when the degree of disorder becomes
significant. In a finite size random system, a vanishing trans-
mission can be achieved either through degenerate states
whose weights are basically outside the medium and which
decay exponentially into the medium like evanescent waves
or through nondegenerate normalizable localized states that
reside inside the medium with no weight outside the me-
dium. As an example, we show, in Fig. 4, the irregular spatial
structure of two of these localized eigenmodes together with
an exponentially decaying eigenmodesmiddled. We should
also note that if the disorder is such that the parity in the
index of refraction is still preservedfi.e., nszd=ns−zdg, then
the localized states have either odd or even parity, or they are
degenerate with partners that are their mirror images.

The present analysis was performed for a three-
dimensional medium in which the special translation symme-
try with respect to two coordinate directions led to an effec-
tively one-dimensional description. This description
permitted a straightforward application of the scattering ma-
trices to obtain the transmission coefficient, the generaliza-

tion of the electronic Kronig-Penney model to the electro-
magnetic field situation and a relatively trivial
diagonalization of the Maxwell steady state equation to com-
pute the eigenvectors without extensive numerical calcula-
tion. Furthermore, the visualization of the results was signifi-
cantly simplified leading also to a better intuition for the
physics. The natural question that needs to be addressed con-
cerns those finite sized random dielectric media that do not
have any symmetries and require a full three dimensional
treatment.

Even though some works have been reported on how to
generalize transfer matrices to composite two- or three-
dimensionals3Dd systemsf8–11g, we are not aware how the
Kronig-Penney model could be extended to describe these
systems. Also the direct relationshipf4g between the eigen-
value spacing of the discretized model and the transmission
coefficient requires certain spatial symmetries for the 3D sys-
tem in order to be valid.

However, despite the inapplicability of several math-
ematical and computational techniques, we believe that each
of the physical findings in this work should also apply to
systems that are truly random in all three spatial dimensions.
For instance, the main connection between the degree of spa-
tial localization of the eigenmodes and the corresponding
transmission along that particular propagation direction as
well as its sensitivity toward spatial randomness should ob-
viously generalize to any nonsymmetric dielectric system as
well.

In three-dimensional systems the eigenmodes are labeled
by the vectork sand not just the scalark as discussed in this
workd and only those modes can be excited by an incoming
electromagnetic field, whose vectork is approximately par-
allel to the propagation direction. Inside the medium, how-
ever, the beam can spread outsdiffused significantly also in
the two transverse directions. This transverse spreading be-
havior, however, cannot be predicted by our approach and
would require the solution of the 3D Maxwell equationf12g,
as well as a corresponding diagonalization in all three spatial
dimensions. We are not aware of any study that has investi-
gated these interesting questions for a random medium of
finite size.

As a first step one could investigate a two-dimensional
photonic crystal of finite size, and explore how a randomness
that acts only along one coordinate direction would affect the
spatial structure of the eigenmodes in the perpendicular di-
rection. It would be interesting to observe 3D localized states
that require three different localization scales.

In a future work we will investigate the appearance of
these localized eigenmodes as we increase the degree of dis-
order in a finite size crystal. As the corresponding eigenval-
ues will evolve through several avoided and possibly non-
avoided crossings as the disorder grows, it might be
interesting to trace localized states back to eigenmodes in the
crystal. As the band gap eigenmodes for the crystal have
practically no weight inside the medium, it might be inter-
esting to observe how the localized eigenmodes are gener-
ated from these gap eigenmodes.

There are many more interesting questions for which one-
dimensional model systems like the one studied in our analy-
sis can be of help. For instance, it is not clear at the moment

FIG. 4. Spatial profile of the eigenmodes for a random medium
in the region with vanishing transmission. The wave numbers for
the eigenmodes arek=1.334 sbottomd, 1.355 smiddled, and 1.376
stopd. At the bottom is the spatially dependent index of refraction
nszd. fEach slab has an index of refraction ofnj =3, a width ofdj

=0.3, and a random position ofzj = j −25+0.34r wherer is a ran-
dom number in −1, r ,1. S=51, the numerical box lengthL
=200, andQ=20 000 leads to 30 grid points per slab.g
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how the randomness in the medium is reflected in the ran-
domness of the correspondingstridiagonald matrix for the
eigenmodes. Can one adopt some of the results of the theory
of banded random matrices to better understand the transmis-
sion coefficient? Could one learn something from a level
spacing statistics similar to those often investigated for quan-
tum chaotic systemsf13g? Is there a counterpart to the quan-
tum chaotic systems characterized by a large amount of level
repulsion? Maybe one can use the random matrix theory to
identify the fluctuating part of the transmission coefficient to
find its average, which then would be independent of the
specific realization of the random medium. These questions
are quite important when we try to make contact with more
macroscopic theories for pulse propagation such as the Bolt-
zmann theory mentioned in the Introduction. Even though a

strict mathematical derivation of the Boltzmann equation
from the Maxwell equations has not been foundf14g, it was
shown recentlyf15g that under certain conditions an average
over a small frequency range of the Maxwell transmission
data can match the prediction of the Boltzmann equation. A
better understanding of the precise transition from a micro-
scopic to a macroscopic theory would be very beneficial for
the study of those systems that are too complex to be de-
scribed by a microscopic theory but are too “coherent” to
make the Boltzmann theory applicable.
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